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Chapter 1

Introduction

1.1 Take x1y =y, 22 =, ..., 2, = y™ ). Then
To
f(taxau): : 9 hle
Ty,

g(t,z,u)

1.2 (a) z1 =q1, 2 = ¢1, T3 = q2, T4 = §o.

T1 = @2
. MgL . k
Tg = — sinx, — Y(xl—xg)
T3 = @4
. k 1
Ty = j(xl —x3) + Fu
(b)
0 1 0 0
of |(=(MgL/I)coszy —k/I) O k/I 0
or 0 0 0 1
k/J 0 —k/J 0

[0f/0x] is globally bounded. Hence, f is globally Lipschitz.

(¢) 9 =24 =0,21—23 = 0= sinz; = 0. The equilibrium points are (nx, 0, nm,0)
forn=0,+1,+£2,....

1.3 (a) Ty = (5, Ty = 5, r3 = Eq.

.2'31 = X2
22 = (P — Dzxg—magsinzy)/M
23 = (—mexs+mnzcoszy+ Ep)/T

(b) f is continuously differentiable Va; hence it is locally Lipschitz Vz. [0 f2][0x1] =
—rhaxs cosz1/M is not globally bounded; hence, f is not globally Lipschitz.
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2 CHAPTER 1.

(c) Equilibrium points:
0=z, 0=P —mnaxssinzx, 0= —mnox3 +mn3cosxzy + EF
Substituting x3 from the third equation into the second one, we obtain
def
P= (a+b\/1 —yQ)y = 9(y)

where

_mEr - p b M
12 ’ 12

y =sinxy, a

0§x1§g<:>0§y§1

By calculating ¢'(y) and ¢”(y) it can be seen that g(y) starts from zero at
y = 0, increases until it reaches a maximum and then decreases to g(1) = a.
Because P < a, the equation P = ¢(y) has a unique solution y* with 0 <
y* < 1. For 0 < z < /2, the equation y* = sinz; has a unique solution 7.
Thus, the unique equilibrium point is (27,0, (n3/n2) cosz} + Er/n2).

1.4 (a) From Kirchoff’s Current Law, iy = v /R+i.+ir. Let x1 = ¢, x2 = ve,

and u = 7.
jj:dq#i:’u = =X
1 o7 L ] 2
:'t—dv—c—i—c—l(i—v—c—i)——ix—ésinkx +iu
&t ¢ Cc\* R ") CrRT? C 'Te

f(z,u) = [_1_0 2 }

2 sinkzy — gRT2 + U
(b) f is continuously differentiable; hence it is locally Lipschitz.

of _ { 0 1 ]
oz  |—(Iok/C)coskx; —1/(CR)

[0f/0x] is globally bounded. Hence, f is globally Lipschitz.
(c) Equilibrium points:

0=z, 0=Iysinkz, +1I, = Sink$1=l—s<l
0

Let a and b be the solutions of siny = I;/ly in 0 < y < w. Then the
equilibrium points are

2 2
(2T ), (PR ), m= 0,214,

1.5 The Problem statement should say “in Part (c), Is > 0.”
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(a) From Kirchoff’s Current Law, iy = vo/R+i.+ 4. Let 21 = ¢, x2 = v, and

U= 1.
x'zmﬂ:v =voc =z
1 o7 L o] 2
. dvc ic 1‘ Vo . 1 1 3 1
= — = — = — s— — — = - — __k k —
b= = e =gl F ir) = gpre - glhen + k) + Gu

e = | 2 }

—%(/{513?1 + kgx?) — ﬁxg + éu
b) f is continuously differentiable; hence it is locally Lipschitz.
( y y
of

1
oz [—(1 /C)(k? + 3koa?) —1 /(CR)]
[0f/0x] is not globally bounded. Hence, f is not globally Lipschitz.
(c) Equilibrium points:
0= 9, Oz—k‘lxl—kgaﬁ—kls
There is a unique equilibrium point (z7,0) where z7 is the unique solution of
kyat + kot = L.

1.6 Projecting the force Mg in the direction of F', Newton’t law yields the equation
of motion
Mo =F — Mgsinf — kysgn(v) — kav — ksv?

where k1, ko, and k3 are positive constants. let x = v, u = F, and w = gsinf. The
state equation is

k k k: 1
= —Mlsgn(x) - MQx - MSxQ + LY

1.7 (a) The state model of G(s) is
2 = Az + Bu, y=Cz

Moreover,
u = sine, e=20;—0,, 0, =y=0Cz

The state model of the closed-loop system is
2= Az + Bsine, e=-Cz
(b) Equilibrium points:
0= Az + Bsine, Cz=0
z2=—-A"'Bsine = —CA !'Bsine=0
Since G(s) = C(sI — A)~'1B, G(0) = —CA~!B. Therefore

G(0)sine=0 <= sine=0 <= e=nm n=0,+1,42,...

At equilibrium, z = —A"!'Bsine = 0. Hence, the equilibrium points are
(z,e) = (0,nm).
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4 CHAPTER 1.
1.8 By Newton’s law,

my =mg — ky — c1y — c29|y|
where k is the spring constant. Let 1 =y and z2 = 3.

. . k C1 Co
Ty = T2, x2:g_gx1__02_gx2|x2|

1.9 (a) Substitution of v = A(h)iz and w, = kv/D — pa = kv/pgh in 0 = w; — w,,

results in
A(h)h = w; — k+/pgh
With x = h, u = w;, and y = h, the state model is

b= g = kAR, y=a

(b) With 2 = p — pa, u = w;, and y = h, using p = pgh, the state model is

T = ~ u — k), y=—
a(zy v P

(c) From part (a), the equilibrium points satisfy
0=u—ky\/pgz

For x =r, u = k/pgr.

1.10 (a)

(b) At equilibrium,

The left-hand side is monotonically decreasing over [0, 3] and reaches zero
at x = . The right-hand side is monotonically increasing. Therefore, the
forgoing equation has a unique solution z* € (0, 5).
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1.11 (a) Let xy = p1 — pq and z2 = p2 — pa.

pg. _ pyg

&= pro= Tph = A(wp_wl)
= Hlali- (B2 | kv
A B
= p—Ag|:Oé< —%) kl\/$1—$2:|
g2 = pr = iy = Plwy —ws)
A A

= p_j (/ﬁ\/xl — X2 — k‘zx/x—z)
(b) At equilibrium,
i
0=« 1—@ — k1vx1 — a9, 0=Fkivry — a0 — ko/o
From the second equation,

k% kQ\/xl
= 55T = Tl — T = ———e
R Y

Substitution of v/z1 — 2 in the first equation results in

N
ENGET

The left-hand side is monotonically decreasing over [0, 3] and reaches zero
at x1 = . The right-hand side is monotonically increasing. Therefore, the
forgoing equation has a unique solution = € (0, 3). Hence, there is a unique
equilibrium point at (z%,z3), where x5 = x7k?/(k3 + k3).

x2

1.12 (a)
)
—sinx; — bxs + cu

f(x’u) =

Partial derivatives of f are continuous and globally bounded; hence, f is
globally Lipschitz.

(b) n(x1,22) is discontinuous; hence the right-hand-side function is not locally
Lipschitz.

(c) The right-hand-side function is locally Lipschitz if h(z1) is continuously differ-
entiable. For typical h, as in Figure A.4(b), Oh/0x; is not globally bounded;
in this case, it is not globally Lipschitz

(d) The right-hand-side function f is continuously differentiable; hence it is locally
Lipschitz. dfy/0z2 = —e23 is not globally bounded; hence, f is not globally
Lipschitz.
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6 CHAPTER 1.

(e) The right-hand-side function f is continuously differentiable; hence it is locally
Lipschitz. 0f1/0xa = w; 0f2/0x; = —u. Since 0 < u < 1, the partial
derivatives are bounded; hence, f is globally Lipschitz.

(f) The right-hand-side function f is continuously differentiable; hence it is lo-
cally Lipschitz. df;/0x2 = x1v/(22) is not globally bounded; hence, f is not
globally Lipschitz.

(g) The right-hand-side function f is continuously differentiable; hence it is locally
Lipschitz. 9f1/0x2 = —djz3 is not globally bounded; hence, f is not globally
Lipschitz.

(h) The right-hand-side function f is continuously differentiable; hence it is locally
Lipschitz. df2/0x3 = —8cx3/(1 + x1)? is not globally bounded; hence, f is
not globally Lipschitz.

(i) The right-hand-side function f is continuously differentiable; hence it is locally
Lipschitz. 0fs3/0x1 = x3/T is not globally bounded; hence, f is not globally
Lipschitz.

(j) The right-hand-side function f is continuously differentiable; hence it is locally
Lipschitz. The partial derivatives of C(z1,z2)x2 are not globally bounded;
hence, f is not globally Lipschitz.

(k) The right-hand-side function f is continuously differentiable; hence it is locally
Lipschitz. df2/0xe = —2(mL)?z4 sin z1 cos x1/A(x1) is not globally bounded;
hence, f is not globally Lipschitz.

(1) The right-hand-side function f is continuously differentiable; hence it is locally
Lipschitz. dfs/0z2 = —2(mL)%zs sinzy cosz1/A(z1) is not globally bounded;
hence, f is not globally Lipschitz.

1.13
y=zn1=11 — Ti(z)=x1

=01 = m=zot+gi(x1) = Ta(r)=z2+g1(z1)

0 0
Z9 =T+ 8—39315%1 =3+ ga(x1 + 22) + 8—2[552 + g1(21)]

0
= Ti(z) = x3 + go(z1,22) + ﬂ[322 + g1(z1)]

8%1
T
T(x)= z2 + g1(21)
w3+ g2(w1,02) + §L[w2 + g1 (w1)]
oT 1 0 0
z * % 1

[0T/0x] is nonsingular for all z and ||T'(z)| — oo as ||z| — oco. Hence, T is a
global diffeomorphism. To show that ||T'(z)|| — oo as ||z|]] — oo, note that if
lz]] = oo then |z;| — oo for at least one of the components of x. If |z1| — oo, then
|Ty (z)| — oo. If |x1| does not tend to oo, but |x2| does, then, |To(x)| — oo. If both
|z1] and |z2| do not go to oo, but |z3| does, then, |T3(z)| — oc.
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1.14
y=zn=x1 — Ti(x)=x1
Z1=%1 = zp=sinze = Ts(z)=-sinz,
. T oT o 1 0
T(w) = LinxJ ’ or {O COS To

[0T/0x] is nonsingular for —7/2 < x5 < 7/2. The inverse transformation is given
by

T = 21, To = Sin_l(ZQ)

21 = 2o, 29 = (=2} + u) coswy = —2z} cos(sin ™ (2)) + cos(sin ! (22))u

a(z) = =22 cos(sin ™! (22)) = —274/1 — 23, b(z) = cos(sin"*(z2)) = 1/1 — 23
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